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Abstract— Modelling diesel engines is an effective tool to help in developing and assessing intelligent transportation systems and 
technologies as well as to help in predicting aggregate vehicle fuel consumption and emissions. Although vehicle analytical models are the 
vehicle modelling type that describes the physical phenomena associated with vehicle operation comprehensively based on the principles 
of physics with explainable mathematical trends, no analytical model has been developed as yet of diesel powertrains. This research paper 
presents an analytical model of a four-cylinder supercharged diesel engine as the heart of the diesel powertrain. This model serves to 
accurately analyze with explainable mathematical trends the performance of the supercharged diesel engine with respect to both of the 
transient response and steady state response.  

Index Terms— Diesel Engine, Diesel Powertrain, Modelling, Intelligent Transportation Systems   

——————————      —————————— 

1 INTRODUCTION                                                                     

iesel engines are among the largest contributors to air 
pollution. It has been reported that almost all popula-
tions living in developed countries are exposed fre-

quently to diesel exhaust at some concentration and the poten-
tial for diesel exhaust to present a health hazard is proven [1]. 
Intelligent Transportation Systems (ITS) lie at the heart of the 
continual efforts of developing the diesel powertrains based 
on modeling in order to reduce the negative influence of diesel 
powertrains on the environment. Since the most contributing 
part of the diesel powertrain to diesel exhaust is the diesel 
engine [3], modelling diesel engines has received increasing 
attention. Among the seminal semi-analytical models of inter-
nal combustion engines is the Knock Integral Model (KIM) 
which was originally developed by Livengood and Wu, [4]. 
That model gives an implicit relation between the start of in-
jection crankshaft angle, start of combustion crankshaft angle, 
and the physical in-cylinder parameters such as cylinder pres-
sure, cylinder temperature, in-cylinder burned gas rate, and 
the fuel/air ratio. Metallidis and Natsiavas proposed another 
seminal semi-analytical model of the dynamics of single- and 
multi-cylinder reciprocating engines, which may involve tor-
sional flexibility in the crankshaft [5]. They developed as well 
a linearized version of this model to acquire insight into some 
aspects of the system dynamics such as determining the 
steady-state response and investigating the effect of engine 
misfire. Ni, D., and Henclewood, D., presented and validated 
the Bernoulli model for vehicle infrastructure integration-
enabled in-vehicle applications [6]. Although the model does 
not address in-cylinder gas flow dynamics, it presents an ana-
lytical relationship between air mass flow rate, engine power, 
and air state. 

      Other modeling techniques have been utilized as well in 
the modeling of internal combustion engines. Smits, [7] re-
viewed and compared the turbulence models for internal 
combustion engines and found that the k –ε turbulence empiri-
cal model is widely used because of its general applicability, 
robustness, and economy. That model consists of two empiri-
cal transport equations for the kinetic energy and dissipation 
rate. Divis, et al., [8] computationally modeled the diesel en-
gine head using Finite Element modeling and thus described 
the thermal interaction and mechanical interaction between 
the several parts of the diesel engine head.       

      Although vehicle analytical models have the key advan-
tage, over the other types of modelling described above, of 
describing the physical phenomena associated with vehicle 
operation comprehensively based on the principles of physics, 
with explainable mathematical trends, no comprehensive ana-
lytical model has been developed as yet of diesel powertrains. 
This research paper presents an analytical model of super-
charged diesel engines, equipped with an electronic throttle 
control (ETC), as the heart of the diesel powertrain with the 
aim of helping in analyzing analytically the performance of 
the diesel engines. 

 

2 DIESEL ENGINE ANALYTICAL MODEL 

The main components of the diesel engine are timing belt, 
camshaft, cylinder head (valves), cylinder block, piston and 
connecting rod assembly, bearings and seals, and crank-
shaft. The timing belt links the crankshaft with the cam-
shaft and makes the camshaft turns in the same direction of 
the crankshaft. The camshaft rotates at half the rotational 
speed of the crankshaft for four-cylinder diesel engines. 
This model addresses the dynamic interaction between the 
cylinder head (valves), cylinder block, piston and connect-
ing rod assembly, and crankshaft. Figure 1, shows the 
schematic configuration of the diesel engine cylinder, pis-
ton, connecting rod, and crankshaft of supercharged diesel 
powertrain that is investigated in this research. In this sec-
tion, the pressure ratios and temperature ratios are formu-
lated analytically from the principles of physics for the 
compression stroke, combustion process, expansion stroke, 
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and exhaust stroke of the diesel cycle that is shown on the 
p-v diagram on Fig. 2 and on the T-S diagram on Fig. 3. 
These formulations serve both chocked and non-chocked 
conditions as well as steady and transient conditions. In 
addition, the states throughout diesel cycle are defined 
analytically based on the principles of physics. Moreover, 
the in-cylinder gas speed dynamics are derived analytically 
from the principles of physics. 

 

Fig. 1: Geometry of diesel engine cylinder, piston, connect-
ing rod, and crankshaft [9]  

 

Fig. 2: Diesel cycle on P-V diagram [10]  
 

 

Fig. 3: Diesel cycle on T-S diagram [10]     
 

2.1 Compression Stroke 
In this section, the pressure ratios and temperature ratios 
for the strokes and processes of the diesel cycle are identi-
fied analytically from the principles of physics along with 

defining analytically from the principles of physics the 
states throughout the diesel cycle. The diesel cycle is shown 
on the p-v diagram on Fig. 2 and on the T-S diagram on 
Fig. 3. These formulations serve both chocked and non-
chocked conditions as well as steady and transient condi-
tions.  
       Since air flow is a gas flow, the following follows: ‘To-
tal energy equals the sum of the total energy associated 
with mass flow and work done.’ Since, the total energy as-
sociated with mass flow comprises internal energy, kinetic 
energy, and potential energy, Therefore, 

PVgzcuETotal +⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++=

2

2
                                                  (1)                  

Where:  
ETotal is the total energy of the gas flow,  
u is Internal energy,  
c is the gas speed inside cylinder,  
g is the gravitational acceleration,  
z is the potential altitude.  
  
Since by definition of the gas flow internal energy the fol-
lowing follows:    

PVuh +=                                                                        (2)                   
Where:  
h is the gas enthalpy.  
 
Thus, combining Eq. (1) and (2) together leads to the fol-
lowing:  

gzchETotal ++=
2

2

                                                         (3)                  

By applying the first law of thermodynamics on the con-
servation of energy to the in-cylinder compression process 
of the diesel cycle shown in Fig. 2 and Fig. 3, the following 
follows [11]:   

2

2
2

21

2
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h ++=++                                  (4)                   

 
Assuming the same altitude z, Eq. (4) can thus lead to the 
following:   
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2
2
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2
1

1
c

h
c

h +=+                                                      (5)                  

Since at no phase change, at relatively high temperature, 
and/or at relatively low pressure air can be treated as an 
ideal gas and this is the case inside the cylinders of diesel 
engines, gas inside the cylinders of diesel engines can be 
treated as an ideal gas. Thus, it follows that:    

TCh P=                                                                           (6)                   
Where:  
CP is the gas specific heat at constant pressure, which is 
constant in the case of air is treated as an ideal gas.    
 
Therefore, combining Eq. (5) and (6) leads to the following:   
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Thus, Eq. (7) can be rewritten as:   
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+=                                                     (8)                                                                                                                                

From the principles of the second and third laws of ther-
modynamics, it can be conceived that [11, 12]:     

T
QdS δ

=                                                                            (9)                                                                                                                                

Where:  
S is the absolute entropy of the gas flow,  
Q is heat flow.   
 
For the compression stroke of the diesel cycle, the follow-
ing follows from Eq. (9):   

∫=−
1

2
21 T

QSS δ
                                                               (10)                                                                                                                               

Recalling the first law of thermodynamics, it follows that 
[11]: 

WdUQ δδ +=                                                                 (11)                                                                                                                               
By combining Eq. (10) and (11) together, the following fol-
lows:     

∫
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By definition of the work done, Eq. (12) can be rewritten as 
follows [11]:   
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SS                                 (13)                                                                                                                                

By combining Eq. (2) and (13) together, the following fol-
lows:  
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SS                      (14)                                                                                            

Thus, simplifying Eq. (14) leads to the following:    

∫∫ −=−
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VdP
T

dHSS                                            (15)                                                                                                                                

Combining the ideal gas law for air with the definition of 
density, it follows that [11]:  

TRP ρ=                                                                         (16)                                                                                                                                 
Where:  
ρ is the density of air inside cylinder.   
 
By combining Eq. (15) and (16) together along with the 
ideal gas law for air, the following follows [11]:  
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                                          (17)                                                                                                                                

By combining Eq. (6) and (17) together along with the ideal 

gas law for air, the following follows [11]:  
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dTCSS P                                      (18)                 

Hence, it follows mathematically from Eq. (18) that:  
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Where:  
s is the specific entropy of the gas flow.   
 
Therefore, rearranging Eq. (19) leads to the following:   
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From Eq. (2), it follows that:  
)(PVddUdh +=                                                           (21)                 

By combining Eq. (21) with the ideal gas law for air, the 
following follows [11]:   

RTdUdh +=                                                                  (22)                 
By dividing both sides of Eq. (22) by T and recalling Eq. (6) 
and recalling the similar equation to Eq. (6) for the specific 
heat at constant volume, it follows that [11]:   

RCC VP +=                                                                       (23)                 
By the definition of the ratio of specific heat, k, Eq. (23) can 
be rewritten as [11]:    

R
k

CC P
P +=                                                                      (24)                

Thus, by rearranging Eq. (24) the following follows:  
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11                                                                (25)                

Hence, Eq. (25) can be rearranged as follows:  

1−
=

k
RkCP                                                                         (26)                

By substituting Eq. (26) in Eq. (20): 
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Since the compression stroke is adiabatic by definition in 
the diesel cycle, the compression process can be assumed 
isentropic [13, 14]. Therefore, the following follows from 
Eq. (27):       

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛−
=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

2

1

2

1 ln
1

ln
P
P

k
k

T
T

                                               (28)                 

By establishing an inverse logarithmic operation on both 
sides of Eq. (28) the following mathematically follows:   
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By substituting Eq. (26) in Eq. (8):                                                                                                                                      
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Since Mach number, M, by definition is defined as:   

a
cM =                                                                               (31)                                                                                                                                 

Where:  
a is the speed of sound. 
 
By definition, the speed of sound, a, is evaluated using the 
following formula [6, 12]:   

TRka =                                                                       (32)                                                                                                                                
Hence, by combining Eq. (30), (31), and (32) the following 
follows:   
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By rearranging Eq. (28), the following follows from Eq. 
(28):  
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By establishing an inverse logarithmic operation on both 
sides of Eq. (34), the following mathematically follows:   
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Since the no significant heat transfer occurs in the cylinder 
during compression stroke, and the compression stroke is 
assumed to be isentropic as well, the following follows 
from combining Eq. (29) and (33):  
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By establishing a logarithmic operation on both sides of Eq. 
(36), the following mathematically follows:  
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By rearranging Eq. (37) and establishing an inverse loga-
rithmic operation on both sides the following follows:  
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By recalling the in-cylinder gas speed analytical formula 
from the research paper entitled “Diesel Powertrain Intake 
Manifold Analytical Model” [15] and combining this for-
mula with Eq. (38), Thus:     
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Where:  
B is cylinder bore diameter. 
rc is the compression ratio in diesel engine.  
Nm is crankshaft rotational speed (rev/min). 
a is the crank length.  

MeanA0 is the mean cross sectional area of a frictionless 
throat at the entrance of the intake manifold.  
θ1 is the crankshaft angle of rotation at state 1 on diesel cy-
cle.  
θ2 is the crankshaft angle of rotation at state 2 on diesel cy-
cle.    
    
The next process on diesel cycle is the combustion process. 
Hence, the temperature ratios in the combustion process of 
diesel cycle are derived analytically from the principles of 
physics in the following subsection. 

 
2.2 Combustion Process 
       By applying the first law of thermodynamics on the 
conservation of energy to the in-cylinder combustion proc-
ess of the diesel cycle shown in Fig. 2 and Fig. 3, the follow-
ing follows [11]:    
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Assuming the same altitude z, Eq. (40) can thus lead to the 
following:  
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Therefore, combining Eq. (41) and (6) leads to the follow-
ing:   
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Thus, Eq. (42) can be rewritten as:  
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From the principles of the second and third laws of ther-
modynamics, it can be conceived for the combustion proc-
ess in diesel cycle following from Eq. (9) that [11, 12]:     
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By combining Eq. (44) and (11) together, the following fol-
lows:    
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By definition of the work done, Eq. (45) can be rewritten as 
follows [11]:     
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By combining Eq. (2) and (46) together, the following fol-
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lows:  
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Thus, simplifying Eq. (47) leads to the following:    
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By combining Eq. (48) and (16) together along with the 
ideal gas law for air, the following follows [11]:                              
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By combining Eq. (6) and (49) together along with the ideal 
gas law for air, the following follows [11]:  
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Hence, it follows mathematically from Eq. (50) that:  
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Therefore, rearranging Eq. (51) leads to the following:   
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By substituting Eq. (26) in Eq. (52): 
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Assuming frictionless combustion, Eq. (53) can thus be re-
written as:    
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Where:  
qi2 is the amount of heat exists in the cylinder just before 
reaching state 2 in diesel cycle.   
qo2 is the amount of heat exists in the cylinder just after 
reaching state 2 in diesel cycle. 
qi3 is the amount of heat exists in the cylinder just before 
reaching state 3 in diesel cycle. 
qo3 is the amount of heat exists in the cylinder just after 
reaching state 3 in diesel cycle. 
 
By rewriting Eq. (54) [12]:       
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Where:  
Ti2 is the gas temperature just before the beginning of the 
combustion process in diesel cycle.    
Ti3 is the gas temperature just after the end of the combus-
tion process in diesel cycle. 
 
Therefore, the following follows from Eq. (55):  
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Since the combustion process in diesel cycle is isobaric, the 
following follows by establishing an inverse logarithmic 
operation on Eq. (56):     
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By combining Eq. (26) and (43):   
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By combining Eq. (31), (32), and (58):  
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                                   (59)                  

By combining Eq. (57) and (59):   

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
+

3

2
32

23

2
22 )1(

2
11ln

T
TTT

kRT
kC

TRk
cMk

ii
P                      (60)                

Equation (60) can be rewritten as follows:  
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Pii

i                   (61)                

By recalling the in-cylinder gas speed analytical formula 
from the research paper entitled “Diesel Powertrain Intake 
Manifold Analytical Model” [15] and combining this for-
mula with Eq. (61), Thus:     
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mC
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i                

                                                                                                 (62)                
 
The expansion stroke happens next to the combustion 
process in diesel cycle. Thus, the pressure ratios in the ex-
pansion stroke of diesel cycle are derived analytically from 
the principles of physics in the following subsection. 

 
2.3 Expansion Stroke 
       By applying the first law of thermodynamics on the 
conservation of energy to the in-cylinder expansion process 
of the diesel cycle shown in Fig. 2 and Fig. 3, the following 
follows [11]:      

4

2
4

43

2
3

3 22
gzchgzch ++=++                                     (63)                

Assuming the same altitude z, Eq. (63) can thus lead to the 
following:  

22

2
4

4

2
3

3
chch +=+                                                         (64)               

Therefore, combining Eq. (6) and (64) leads to the follow-
ing:   

22

2
4

4

2
3

3
cTCcTC PP +=+                                           (65)                 
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Thus, Eq. (65) can be rewritten as:   

( )
PC
ccTT

2

2
3

2
4

43
−

+=                                                        (66)                                                                                                                             

For the expansion stroke of the diesel cycle, the following 
follows from Eq. (9):   

∫=−
3

4
43 T

QSS δ
                                                                 (67)                                                                                                                              

By combining Eq. (67) and (11) together, the following fol-
lows:     

∫
+

=−
3

4
43 T

dWdUSS                                                     (68)                                                                                                                               

By definition of the work done, Eq. (68) can be rewritten as 
follows [11]:     

∫
++

=−
3

4
43

)(
T

VdPPdVdUSS                                   (69)                                                                                                                               

By combining Eq. (2) and (69) together, the following fol-
lows:          

∫
++−

=−
3

4
43

)()(
T

VdPPdVPdVdHSS                                (70)                                                                                                                                

Thus, simplifying Eq. (70) leads to the following:    

∫∫ −=−
3

4

3

4
43 T

VdP
T

dHSS                                              (71)                                                                                                                               

By combining Eq. (71) and (16) together along with the 
ideal gas law for air, the following follows [11]:      

∫∫ −=−
3

4

3

4
43 T

mdP
T

dHSS
ρ

                                           (72)                                                                                                                                

By combining Eq. (6) and (72) together along with the ideal 
gas law for air, the following follows [11]:   

∫∫ −=−
3

4

3

4
43 P

RdP
T
dTCSS P                                       (73)                                                                                                                                

Hence, it follows mathematically from Eq. (73) that:  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
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⎞
⎜⎜
⎝

⎛
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4

3

4

3
43 lnln

P
PR

T
TCss P                               (74)                                                                                                                                

Therefore, rearranging Eq. (74) leads to the following:    

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

−

4

3

4

343 lnln
P
P

T
T

R
C

R
ss P                                  (75)                                                                                                                               

By substituting Eq. (26) in Eq. (75):  

⎟⎟
⎠

⎞
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=
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T

k
k

R
ss

                             (76)                                                                                                                                 

Since the expansion stroke is adiabatic by definition in the 
diesel cycle, the expansion process can be assumed isen-
tropic [13, 14]. Therefore, the following follows from Eq. 
(76):        

⎟⎟
⎠

⎞
⎜⎜
⎝
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=⎟⎟
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⎞
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⎛
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4

3 ln1ln
P
P

k
k

T
T

                                                (77)                

By establishing an inverse logarithmic operation on both 
sides of Eq. (28) the following mathematically follows:  

k
k

P
P

T
T

1

4

3

4

3

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=                                                                   (78)                

By substituting Eq. (26) in Eq. (66):                                                           
( ) ( )
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2
4

4

3

2
11

TRk
cck

T
T −−

+=                                            (79)                

Hence, by combining Eq. (79), (31), and (32) the following 
follows:   
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                                (80)                 

By rearranging Eq. (77), the following follows:  
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                                               (81)                

By establishing an inverse logarithmic operation on both 
sides of Eq. (81), the following mathematically follows:    

1

4

3

4

3
−
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⎞
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=

k
k

T
T

P
P

                                                                  (82)                

Since the no significant heat transfer occurs in the cylinder 
during compression stroke, and the compression stroke is 
assumed to be isentropic as well, the following follows 
from combining Eq. (80) and (82):       

( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
+=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −

4

2
32

1

4

3

2
11

TRk
cMk

P
P k

k

                             (83)                

By establishing a logarithmic operation on both sides of Eq. 
(83), the following mathematically follows:  
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By rearranging Eq. (84) and establishing an inverse loga-
rithmic operation on both sides the following follows:  
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P                              (85)                 

By recalling the in-cylinder gas speed analytical formula 
from the research paper entitled “Diesel Powertrain Intake 
Manifold Analytical Model” [15] and combining this for-
mula with Eq. (85), Thus:   
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                                                                                                (86)                  
 
Where:  
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θ3 is the crankshaft angle of rotation at state 3 on diesel cy-
cle.  
θ4 is the crankshaft angle of rotation at state 4 on diesel cy-
cle.    
 
The last stroke on diesel cycle is the exhaust stroke. The 
temperature ratios in the exhaust stroke of diesel cycle are 
derived analytically from the principles of physics in the 
following subsection. 
 
2.4 Exhaust Stroke 
By applying the first law of thermodynamics on the con-
servation of energy to the in-cylinder exhaust process of 
the diesel cycle shown in Fig. 2 and Fig. 3, the following 
follows [11]:      

1

2
1

14

2
4

4 22
gzchgzch ++=++                                      (87)                                                                                                                              

Assuming the same altitude z, Eq. (87) can thus lead to the 
following:  

22

2
1

1

2
4

4
chch +=+                                                        (88)                                                                                                                               

Therefore, combining Eq. (88) and (6) leads to the follow-
ing:   

22

2
1

1

2
4

4
cTCcTC PP +=+                                          (89)                                                                                                                                

Thus, Eq. (89) can be rewritten as:  
( )

PC
ccTT

2

2
4

2
1

14
−

+=                                                      (90)                                                                                                                                

From the principles of the second and third laws of ther-
modynamics, it can be conceived for the combustion proc-
ess in diesel cycle following from Eq. (9) that [11, 12]:    

∫=−
4

1
14 T

QSS δ
                                                               (91)                                                                                                                                

By combining Eq. (91) and (11) together, the following fol-
lows:    

∫
+

=−
4

1
14 T

dWdUSS                                                    (92)                                                                                                                                

By definition of the work done, Eq. (92) can be rewritten as 
follows [11]:     

∫
++

=−
4

1
14

)(
T

VdPPdVdUSS                                   (93)                                                                                                                                

By combining Eq. (2) and (93) together, the following fol-
lows:  

∫
++−

=−
4

1
14

)()(
T

VdPPdVPdVdHSS                             (94)                                                                                                                                 

Thus, simplifying Eq. (94) leads to the following:    

∫∫ −=−
4

1

4

1
14 T

VdP
T

dHSS                                              (95)                                                                                                                               

 
By combining Eq. (95) and (16) together along with the 
ideal gas law for air, the following follows [11]:                           

∫∫ −=−
4

1

4

1
14 T

mdP
T

dHSS
ρ

                                            (96)                 

By combining Eq. (6) and (96) together along with the ideal 
gas law for air, the following follows [11]:   

∫∫ −=−
4

1
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1
14 P

RdP
T
dTCSS P                                        (97)                  

Hence, it follows mathematically from Eq. (97) that:   
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Therefore, rearranging Eq. (98) leads to the following:   
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By substituting Eq. (26) in Eq. (99):  
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                              (100)                

Assuming frictionless combustion, Eq. (100) can thus be 
rewritten as:     
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                            (101)               

Where:  
qi4 is the amount of heat exists in the cylinder just before 
reaching state 4 in diesel cycle.   
qo4 is the amount of heat exists in the cylinder just after 
reaching state 4 in diesel cycle. 
qi1 is the amount of heat exists in the cylinder just before 
reaching state 1 in diesel cycle. 
qo1 is the amount of heat exists in the cylinder just after 
reaching state 1 in diesel cycle. 
 
By rewriting Eq. (101) [12]:      
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                           (102)                

Where:  
Ti4 is the gas temperature just before the beginning of the 
exhaust process in diesel cycle.    
Ti1 is the gas temperature just after the end of the exhaust 
process in diesel cycle.   
 
Therefore, the following follows from Eq. (102):    

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

1

4

1

4

1

1

4

4 lnln
1 P

P
T
T

k
k

T
T

T
T

R
C iiP                               (103)                

                                                                           
Since the exhaust process in diesel cycle is isochoric, the 
following follows by applying the ideal gas law to Eq. 
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(103):  
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Thus, the following follows by establishing an inverse loga-
rithmic operation on Eq. (104):          
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By combining Eq. (26) and (90):   
( )

1

2
4

2
1

1

4

2
11

TRk
cck

T
T −−

+=                                            (106)                                                                                                                              

By combining Eq. (31), (32), and (106):  
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By combining Eq. (105) and (107):    
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Equation (108) can be rewritten as follows:   
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By recalling the in-cylinder gas speed analytical formula 
from the research paper entitled “Diesel Powertrain Intake 
Manifold Analytical Model” [15] and combining this for-
mula with Eq. (109), Thus:  
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                                                                                              (110)                                                              
Where:  
θ4 is the crankshaft angle of rotation at state 4 on diesel cy-
cle.  
 
Therefore, the states throughout diesel cycle can be deter-
mined analytically based on the principles of physics. The 
following subsection presents this. 

 
2.5 Determining the States Analytically Throughout 

Diesel Cycle  
The four states in the diesel cycle can be determined ana-
lytically using the principles of physics. The first state 
among them is state 1, which is determined analytically as 
follows:    

CompressorPP =1                                                                  (111)                                                                                                                               

Where:  
PCompressor is the pressure at the outlet of the supercharging 
compressor as stated in the compressor map corresponding 
to the maximum efficiency of the compressor and the re-
quired air flow rate.     

rIntercoole

rIntercoole
i

TTT
η

==1                                                          (112)                                                                                                                               

 
Where:  
Ti is the intake manifold temperature.  
TIntercooler is the temperature at the outlet of the intercooler 
as stated in the intercooler catalogue.   
ηIntercooler is the intercooler efficiency which depends on the 
range of temperature of inlet air flow and is stated in the 
intercooler catalogue.   
 
The intercooler efficiency is analytically formulated as fol-
lows:  

AmbfrIntercooleInlet

rIntercoolerIntercooleInlet
rIntercoole TT

TT

−−

−

−
−

=
Re

η                           (113)                  

Where:  
TInlet-Intercooler  is the intercooler inlet temperature (or post 
compressor temperature).    
TRef-Amb  is the ambient reference temperature.  
 
By combining the equation of state for ideal gases, i.e. Eq. 
(16), along with Eq. (111) and (112), the volume of the gas 
can be determined as well analytically:   

CompressorrIntercoole

rIntercoole

P
TRv

η
=1                                                     (114)                 

Where:  
v1 is the specific volume of gas at state 1.   
 
      The second state in the diesel cycle can be determined 
analytically as well following from the principles of phys-
ics. State 2 on diesel cycle can be analytically formulated as 
follows:    

PeakPP =2                                                                          (115)                 
Where:  
PPeak is the peak pressure inside cylinders which is com-
mercially set in the diesel engine catalogue for each cate-
gory of diesel engines.  
 
In order to determine T2 , let us recall Eq. (29) for the com-
pression stroke:  
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                                                   (116)                 

By combining Eq. (116) and (112):  
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                                     (117)                

By combining Eq. (16), (115), and (117):  
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                              (118)                 

Where:  
v2 is the specific volume of gas at state 2.   
 
By applying Eq. (16) to each of states 1 and 4 of the con-
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stant volume exhaust stroke in diesel cycle and dividing 
the results, the following follows:  

4
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By combining Eq. (119), Eq. (112), and Eq. (82) for isen-
tropic expansion stroke, the following follows:   
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Since the combustion process in diesel cycle is isobaric, the 
following thus follows from the p-v diagram of diesel cycle 
on Fig. 2:   

PeakPP =3                                                                              (121)                                                                                                                              
 
The following follows as well from the T-S diagram of die-
sel cycle on Fig. 3:    

PeakTT =3                                                                              (122)                                                                                                                               
Where:  
TPeak is the peak temperature inside cylinders which is 
commercially set in the diesel engine catalogue for each 
category of diesel engines. 
 
Hence, by combining Eq. (120), (121), and (122), the follow-
ing follows mathematically from Eq. (120) that:    
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Therefore, by substituting Eq. (123) in Eq. (82) for isen-
tropic expansion stroke:  
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In order to determine v3 , combining Eq. (16) and Eq. (82) 
for isentropic expansion stroke leads to the following:  
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Where:  
v3 is the specific volume of gas at state 3. 
v4 is the specific volume of gas at state 4.  
 
Since the exhaust stroke in diesel cycle is isochoric, the fol-
lowing thus follows from Eq. (114):  
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Therefore, the following mathematically follows from Eq. 
(125):  
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By combining Eq. (127) and (16):    
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Hence, the following mathematically follows from Eq. 
(128):   
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Thus, combining Eq. (129), (114), and (124) leads to the fol-
lowing:    
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                                                                                             (130)                   
Hence, the following mathematically follows from Eq. 
(130):    
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In an endeavour to cover the key parameters in diesel 
powertrains in this study, the in-cylinder gas speed dy-
namics are derived analytically from the principles of phys-
ics in the next subsection. 

 
2.6 In-cylinder Gas Speed Dynamics 
In order to evaluate the in-cylinder gas dynamic velocity, 
the momentum conservation is taken into consideration. 
Considering the control volume in the diesel engine cylin-
der shown in Fig. 4, since there is no area change over the 
infinitesimal length of the engine cylinder, dx, in the engine 
cylinder, the flow is thus assumed to be quasi one-
dimensional flow. The momentum conservation equation 
states that the net pressure forces plus the wall shear force 
acting on the control volume surface equal the rate of 
change of momentum within the control volume plus the 
net flow of momentum out of the control volume [9]. Thus, 
the net forces in the control volume shown in Fig. 4, the 
rate of change of momentum within the control volume, 
the net flow of momentum across the control volume sur-
face, and the total momentum are investigated in this sec-
tion, respectively.    
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Fig. 4: Control volume in diesel engine cylinder for one-
dimensional flow analysis  

 
2.6.1 The net forces 
The net forces in the control volume shown in Fig. 4 consist 
of pressure force and shear force. The net pressure force, 
FPress , can be evaluated as follows:  
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Where: 
A is the cross sectional area of the engine cylinder.  
PCyl is the pressure inside cylinder.   
 
By rearranging Eq. (132), the following follows:  
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The net shear force, FShear , can be evaluated as follows:  

( )dxDF WShear πτ−=                                                    (134)                                                                                                                                
Where:  

Wτ  is the flow shear stress per unit area,  
D  is the diameter of the engine cylinder.    
 
By definitions of the flow shear stress and flow friction co-
efficient, the following follows [9]:    

KinW Eζτ =                                                                        (135)                                                                                                                                
Where:  
ζ  is the flow friction coefficient,   
EKin is the kinetic energy per unit area.  
 
The kinetic energy per unit area, EKin, can be evaluated by 
definition as follows [9]:    

2

2cEKin ρ=                                                                      (136)                                                                                                                                 

Therefore, combining Eq. (134), (135), and (136) the follow-
ing follows:   

 dxDcFShear 2

2 πρζ
−=                                                 (137)   

 
2.6.2 The rate of change of momentum within the  
             control volume 
The rate of change of momentum within the control vol-
ume in the engine cylinder shown in Fig. 4, MMoment, can be 
evaluated from the fundamental definition of momentum 
and force as follows [9]:   

( )MomentMoment Fc
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Where:  
FMoment is the force that generated this momentum.  
 
The force that generated this momentum, FMoment, can be 
evaluated from its fundamental definition as follows [9]:    

CylMoment VF ρ=                                                                 (139)                  

 
Thus, combining Eq. (138) and (139) together leads to the 
following:  
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2.6.3 The net flow of momentum across the control    

         volume surface 
The net flow of momentum across the control volume sur-
face in the engine cylinder shown in Fig. 4, MNet, can be 
evaluated from the fundamental definition of momentum 
as follows [9]:     
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Equation (141) can be rearranged as follows:  
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Equation (142) can be further rearranged as follows:   
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Equation (143) can be further rearranged as follows:   

Acdx
x

dx
x
ccAxd

x
cdx

x
A

dx
x

cAdx
x
ccAxd

x
cAcAM Net

22
2

2

22
2

2
2

2

2

ρ
ρρ

ρ
ρρρ

−
∂
∂

∂
∂

+
∂
∂

∂
∂

+

∂
∂

+
∂
∂

+
∂
∂

+=                                     

                                                                                            (144) 
                                                                                                                        



International Journal of Scientific & Engineering Research Volume 3, Issue 8, August‐2012                                                                                  11 
ISSN 2229-5518 
 

IJSER © 2012 
http://www.ijser.org  

By simplifying, ignoring mathematically trivial terms, and 
rearranging Eq. (144), the following follows:  
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2.6.4 The total momentum 
Therefore following from the fundamental definition of the 
momentum conservation and by combining Eq. (133), (137), 
(140), and (145) the following follows:    

dx
x

cAdx
t
cAdxDcdx

x
P

A Cyl

∂
∂

+
∂
∂

=−
∂

∂
−

22

2
ρρπρζ                  (146)                                                                                                                                 

By simplifying Eq. (146), the following follows:  
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Equation (147) can be rewritten as follows:  

⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+
∂
∂

+
∂
∂

=−
∂

∂
−

x
cc

x
ccA

t
cADc

x
P

A Cyl ρρπρζ
2

2                  (148)                                                                                                                                 

Equation (148) can be rearranged as follows:  
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Equation (149) can be rearranged as follows:   

0
2

12
2

=+
∂

∂
+

∂
∂

+
∂
∂ D

A
c

x
P

x
cc

t
c Cyl πζ

ρ
                              (150)                                                                                                                                  

 
Thus, the in-cylinder gas dynamic velocity can be expressed as 
follows following from Eq. (150):   
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By calling the in-cylinder gas speed analytical formula from 
the research paper entitled “Diesel Powertrain Intake Mani-
fold Analytical Model” [15] and combining this formula with 
Eq. (151), the dynamic gas speed can be represented analyti-
cally as follows:  
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Equation (152) can be further rewritten by calling the in-
cylinder gas speed analytical formula from the research paper 
entitled “Diesel Powertrain Intake Manifold Analytical 
Model” [15] as follows:    
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3 DISCUSSION AND CONCLUSION 
As the vehicle modelling type that describes the physical 
phenomena associated with vehicle operation comprehen-
sively based on the principles of physics with explainable 
mathematical trends, this paper presents an analytical 
model of the diesel engine of the highly promising diesel 
powertrains. The compression ratios and temperature ra-

tios on the compression stroke, combustion process, expan-
sion stroke, and exhaust stroke of diesel cycle have been 
modelled in this study analytically based on the principles 
of physics. Equation (39) provides an analytical model of 
the pressure ratio over the compression stroke of diesel 
cycle. It shows analytically the relation between the angle 
of rotation of the crankshaft and the pressure ratio on the 
compression stroke of diesel cycle. The temperature ratio 
over the combustion process of diesel cycle has been mod-
elled analytically as well based on the principles of physics. 
Equation (62) shows analytically the relation between the 
angle of rotation of the crankshaft and the temperature ra-
tio on the combustion process of diesel cycle. Equation (86) 
provides an analytical model of the pressure ratio over the 
expansion stroke of diesel cycle. It shows analytically the 
relation between the angle of rotation of the crankshaft and 
the pressure ratio on the expansion stroke of diesel cycle. 
The temperature ratio over the exhaust process of diesel 
cycle has been modelled analytically as well based on the 
principles of physics. Equation (110) shows analytically the 
relation between the angle of rotation of the crankshaft and 
the temperature ratio on the exhaust process of diesel cycle.  
       The study has derived analytically as well the states 
throughout diesel cycle from the first principles of physics. 
The pressure, temperature, and specific volume at state 1 
on diesel cycle have been analytically modelled in Eq. 
(111), (112), and (114), respectively. State 2 on diesel cycle 
has been fully defined analytically as well. The pressure, 
temperature, and specific volume at state 2 on diesel cycle 
have been analytically modelled in Eq. (115), (117), and 
(118), respectively. At state 3 on diesel cycle, the pressure, 
temperature, and specific volume have been analytically 
modelled in Eq. (121), (122), and (131), respectively. State 4 
on diesel cycle has been fully defined analytically as well. 
The pressure, temperature, and specific volume at state 4 
on diesel cycle have been analytically modelled in Eq. 
(124), (123), and (126), respectively.    
        Finally, the paper has elucidated the in-cylinder gas 
speed dynamics in diesel engines. Equation (153) presents 
an analytical model of the in-cylinder gas speed dynamics 
as a function of gas pressure inside cylinders, gas density, 
flow friction coefficient, and cylinder bore diameter. The 
developed analytical models in this study address flaws in 
models presented in key references in this research area. 
All of the analytical models presented in this study have 
been derived step by step from the principles of physics as 
a way of validating these models. The presented models in 
this research work can help in analyzing analytically with 
explainable mathematical trends the performance of super-
charged diesel engines with respect to both of the transient 
response and steady state response. There are two key ad-
vantages of these developed analytical models: (1) Widely 
valid model that is not restricted to a specific dataset; (2) 
Can be helpful in developing and assessing diesel power-
train technologies. This research serves the ITS by facilitat-
ing the analytical modelling of diesel powertrain fuel con-
sumption and exhaust emissions rates which are of prime 
interest in diesel technologies development. This study ex-
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hibits research on further validating experimentally the 
developed analytical models.  
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